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ABSTRACT

This paper considers the finitary reconstruction of an ergodic measure
preserving transformation 7" of a complete separable metric space X from
a single trajectory x,T'z,..., or more generally, from a suitable recon-
struction sequence x = z1,z2,... with ; € X. An n-sample reconstruc-
tion is a function Tp: X™*1 — X; the map Ty (-;#1,...,2n) is treated as
an estimate of T'(-) based on the n initial elements of x. Given a reference
probability measure uo and constant M > 1, functions T4, T>, ...are de-
fined, and it is shown that for every p with 1/M < du/duo < M, every
p-preserving transformation T', and every reconstruction sequence x for
T, the estimates Ty, (-; 21, . ..,2,) converge to T in the weak topology.

For the family of interval exchange transformations of [0,1) a simple
family of estimates is described and shown to be consistent both pointwise
and in the strong topology. However, it is also shown that no finitary
estimation scheme is consistent in the strong topology for the family
of all ergodic Lebesgue measure preserving transformations of the unit
interval, even if x is assumed to be a generic trajectory of T.
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1. Introduction

Let X be a complete separable metric space with Borel subsets B and
probability measure u, and suppose T is an ergodic measure preserving
transformation (e.m.p.t.) of (X, B, u). It is well known that for p-almost every
r € X, the (right infinite) trajectory x, Tz, T%z, ... of T starting at = determines
T, where “determines” means that from knowledge of the entire trajectory one
may, in principle, construct a map T’ such that u{T’ # T} = 0. Maharam [13]
undertook a systematic study of individual sequences that determine measure
preserving transformations of [0, 1] in this infinitary sense. Her work was later
extended by Bick [2], Kappos and Papadopoulou [9], Coffey [7], and Sun [19)].
This paper considers the finitary reconstruction of an e.m.p.t. T: X — X from
a single trajectory, or more generally, from an individual sequence whose succes-
sive entries determine the action of T'. By finitary it is meant that successive
estimates of T are produced from a given sequence in such a way that the n’th
estimate depends only on the first n terms in the sequence.

Finitary reconstruction of Bernoulli processes has previously been considered
by Ornstein and Weiss [17]. They describe an estimation scheme that, given any
Bernoulli process Y = ¥1,Ys,..., produces a sequence of processes Zq,Zs,. ..
such that Z; is constructed only from knowledge of i, ..., Y%, and Z; converges
in the d distance to Y. Moreover, they showed that no estimation scheme is d
consistent for the larger family of K-automorphisms. We consider here a weaker
form of convergence, namely that of the weak topology, and in this setting it is
possible to define consistent estimates for a larger class of transformations.

To illustrate the notion of finitary reconstruction studied below, suppose that
T: X — X is an ergodic, y-preserving transformation of X. Recall that a se-
quence 81, Ss, . . . of transformations is said to converge to T in the weak topology
if 1(S;TAAT-1A4) — 0 for every A € B. Given a trajectory z, Tz, T?z,... of
T we wish to construct transformations Tl,Tg, ... with the property that T, de-
pends only on z,Tz,...,T" 'z, and T, — T in the weak topology as n — co.
To see how such estimates might be constructed in a simple case, note that each
pair (T* 'z, T'z) of successive points in the trajectory lies on the graph of T.
If X = R and T is piecewise continuous, then good estimates of T can easily
be obtained by connecting neighboring points on its graph by straight lines; in
higher dimensions linear interpolation will also suffice. (Section 5.1 shows how
this can be done in the special case of infinite interval exchange transformations
of [0,1].) Of interest here is the estimation of transformations T' assumed only
to be measurable, and in this case such simple estimates are not effective.
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Finitary estimation is the sort most often considered in statistics, where it is
commonly assumed that successive observations are independent, or obey one
of a variety of mixing conditions. These mixing conditions give information
about the rate at which sample averages converge to expectations. The principal
difficulty encountered in the present context is the lack of rates of convergence in
the ergodic theorem. As shown below, one may circumvent this difficulty if the
measure preserved by T is comparable to a known reference measure.

1.1 STATEMENT OF PRINCIPAL RESULT. If A is a subset of X then A°, A, and
0A denote, respectively, the interior, closure, and boundary of A.

Definition: A sequence X = 1,%2,... € X is a reconstruction sequence for
a measure preserving transformation T' of (X, B, p) if

n
1) % 3 I{zi € U{zis1 €V} > p(UNTHV)

i=1
for every U,V € B such that u(0U) = u(0V) = 0. Note that the transformation
T need not be ergodic. It is not assumed that the convergence in (1) takes place
at any prespecified or uniform rate.

The following proposition follows in a routine manner from pointwise ergodic

theorem.

PRrROPOSITION 1: Almost every trajectory of an em.p.t. T: X — X is a
reconstruction sequence for T .

A finitary reconstruction scheme is a sequence of measurable maps
T,: X! 5 X, n > 1. Given a reconstruction sequence x = &,%s,... for
a p-preserving transformation 7: X — X, the map

To(z) = Tola; 21, . .., Tn)
is taken to be an estimate of T based on the first n terms of x. The scheme
{T,} is weakly consistent for x if 7, — T in the weak topology. Our goal is
to exhibit a scheme that is simultaneously weakly consistent for a large family of
transformations and reconstruction sequences. Let pg be a non-atomic, reference
probability measure on (X, B), let M > 1, and define

1 d
D(uo,M)={u:M§d—‘ZSM}-

Every measure y € D(up, M) is finite and equivalent to pg. Our principal result
is the following.
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THEOREM 1: Given ug and M there exists a finitary reconstruction scheme
{Tu}p2, such that for each p € D(po, M), each measure preserving transfor-
mation T of (X, B, u), and each reconstruction sequence X = z1,%,... for T,
the estimates Ty, (z) = T(x;21,...,2,) are such that u(TT'AAT~A) — 0 for
every A € B.

The construction of the scheme {T,}52, is described in the proof of Theorem 1.
To illustrate the result, suppose X = [0, 1], yo is Lebesgue measure, M = 1, and
let 7,,: [0, 1)™*! — [0,1), n > 1, be the estimates of the theorem. Then for every
ergodic Lebesgue measure preserving transformation T' of [0, 1), for almost every
z € [0,1), the maps Tn() = T.(;z,Tx,...,T" 'z) derived from the trajectory
of T starting at z will converge to T in the weak topology.

The problem of estimating an iterated map has been considered in the context
of chaos and non-linear dynamics, where the ultimate goal is typically prediction,
or the estimation of some features of the dynamics such as Lyapunov exponents
or the dimension of an attractor. Representative work can be found in the papers
of Farmer and Sidorowich [8], Casdagli [5, 6], Kostelich and Yorke [10], Nychka
et al. [16], and Lu and Smith [12]. Additional work and references can be found
in the book of Tong {20]. This work differs from that in the present paper in
several respects. The cited references consider continuous or, more commonly,
differentiable transformations, and their ultimate goal is to develop methods
that are readily applicable to the analysis of experimental data. In addition,
it is assumed that successive iterates of the transformation are perturbed by
independent observational or dynamical noise, so that the actual trajectory of T'
is not directly observed. While the assumption of noisy observations complicates
the problem in some respects, it enables one to apply time series and Markov
chain techniques that are not applicable in the general setting considered here.

Lalley [11] describes a general means of reconstructing the orbit of a smooth
diffeomorphism F, acting on a hyperbolic attractor, when the iterates of F' are
corrupted by additive, independent, observation noise. Bosq and Guégan [4]
study kernel estimates of continuous, uniformly mixing transformations in the
noiseless setting. Nobel and Adams [15] proposed finitary estimates, similar
to the interpolation estimates of Section 2, for em.p.t’s T: R — R?. Their
estimates are L, consistent, but may not converge in the weak topology.

1.2 SuMMARY. The next section is devoted to the problem of interpolation. The
results established there are used in the proof of Theorem 1. In the interpolation
problem the goal is to estimate a bounded function f: X — R from a sequence
of pairs (z1,y1), (z2,%2),... € X x R that lie on the graph of f. A finitary
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interpolation scheme is proposed and its L;-consistency is established in Theorem
2. An alternative characterization of reconstruction sequences is briefly described
in Section 3. Section 4 contains the proof of Theorem 1.

Section 5 is devoted to the problem of finitary reconstruction in the strong
topology, that is, reconstruction schemes for which ,u{Tn # T} — 0. It is shown
that such schemes exist for the family of infinite affine interval exchange trans-
formation of [0,1), but that no strongly consistent scheme exists for the larger
family of ergodic Lebesgue measure preserving transformations of [0,1).

2. Interpolation of bounded functions

Our goal is to estimate a bounded, measurable function f: X — R from a se-
quence of pairs (z1,91), (2,42}, - .- € X X R whose limit points lie on the graph
of f. Of particular interest is the case where z; = Tz is the i’th point in the
trajectory of a given ergodic transformation T, and y; = f(z;) = f(T'z) is the
corresponding value of f. In this case (z;,y;) are points on the graph of f selected
according to a trajectory of T.

Definition: Let f: X — R be bounded and measurable, and let u be a proba-
bility measure on (X, B). A sequence (x,y) = (x1,11), (£2,¥2),-.. € X xRis a
p-interpolation sequence for f if

(a) there exists K < oo such that |y;] < K for each i > 1,

(b) n™t 300, Hazi € A} — p(A) if p(d4) =0,

(¢) n™ iy wil{zi € A} — [, Jdu i 4(94) =0,

(@ U Y, oF = [ fdp.
When condition (b) holds, the sequence x is said to have one-dimensional
stationary distribution .

ProproSITION 2: If f: X — R is bounded and T is an e.m.p.t. of (X, B, ), then
for p-almost every z € X, (x,y) = (z, f(z)), (Tz, f(Tx)),... is a p-interpolation
sequence for f.

A finitary interpolation scheme is a sequence of measurable maps ¢,:
Xx (X xR™ —- R n > 1. Given a p-interpolation sequence (x,y) for f
the map

(lgn(x') = (T (i, ¥:) 1)
acts as an estimate of f based on (z1,y1),...,(Zn,yn). The scheme {¢,}3, is
Ly consistent for (x,y) if [|pn — fldu — 0.

The interpolation and reconstruction schemes defined below are based on finite

partitions of X with shrinking cells. Let yo be a fixed reference probability
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measure on (X, B), and let {u;,uz,...} be a countable dense subset of X. Define
B(z,r) = {u: d(z,u) < r} to be the open ball of radius r centered at z. For each ¢
let {r;; : 7 > 1} be positive numbers tending to zero such that po(0B(us,7:;)) =
0. Let 7§ = {X,0}, and for k£ > 1 define partitions #{ = /\lii,jsk B(z;,r). If
w[z] denotes the unique cell of 7 containing », then for each z € X,

(2) diam(ng[z]) = 0 as k — oo,

where diam(A) = sup,, ,c4 d(u,v) denotes the diameter of A C X. It follows
that the semi-ring |, 7§ generates B. Let my = 7§, and let 7 be any partition
that results from adjaining those elements of w} having po-measure zero to a
fixed element of 7} having positive measure. The partitions 7o, 71, ... have the
following properties:

(1) po(0A) =0 for each A € (Jyq Tks

(2) po(A) > 0 for each A € U5 Tk,

(3) Ug>o Tk is equivalent mod Otoa semi-ring generating B.

2.1 THE INTERPOLATION SCHEME. Let yg be the reference probability measure
above. Fix M > 1, define

d
D'(po, M) = {u: p ~ po and /—d%duo < M2}-

Let (x,y) = (21,41), (z2,92),... € X x R be a p-interpolation sequence for an
unknown bounded function f. Given the first n terms (z1,v1),. .., (@n,yn) of
(x,¥y) define histograms

Yoy yil{wi € mp[a]}
i H{zs € myla]}

by averaging the values y; within the cells of g, k£ > 0. If no z; lies in mxz] set
orn(z) =0. Let

n 1/2
(4) Apn = (% > (Srn(mi) — ?Jz’)2>

(3) Gi,n (z) =

i=1
be the empirical Lo-loss of ¢y .

The histograms {¢x n : £ > 1} are candidate estimates of f. An estimate qAbn is
selected from among the candidates by adaptively choosing a suitable index ki,
based on Ay . Fix constants ; > €3 > --- > 0 tending to zero. Let k, be the
largest integer & > 1 such that

(5) /|¢l,n — dinldpo <2MA;, +2(1+ M)e; for1<j<i<k
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and define

~ ~

(6) an(w) :¢n($:wlayla"'7$n7yn) :(pkn,n(z)'

In most cases the index k,, will not increase monotonically with the sample size
n, nor will it grow at a prespecified rate.

THEOREM 2: For every measure u € D' (uo, M), every bounded measurable func-
tion f: X — R, and every p-interpolation sequence (x,y) for f, the estimates ¢,
produced according to (3)-(6) are such that [ |r — fldp — 0 as n — oco.

Remarks: The proposed estimates are finitary, as <;3n depends on (z1,11), -- -,
(Zn,Yn). The theorem requires only that the one dimensional distribution g of
x be comparable to pg. Beyond condition (c) above, no assumptions are placed
on the joint behavior of y and x. Note that evaluation of (;ASn requires knowledge

of both gy and M.

2.2 PROOF OF THEOREM 2. Let u be a Borel probability measure on X and
let f: X — R be bounded and measurable. For each finite partition = of X let

) 1
(Fomie) = —s / | ),

provided that p(r[z]) > 0, and set (f o 7)}{(x) = 0 otherwise. Thus f o is
a version of the conditional expectation of f given m. Define the Ly(u) norm

11l = (f 1f12d)""*, and note that ||f o ]| < [|f]I-

LeMMA 1: Let (x,y) = (z1,¥1), (€2,y2),... be a u-interpolation sequence for a
bounded function f and let f;, = (f o my). If 4 ~ pg then

() |fx — f|| decreases to zero as k — oo,

(i) maxzex [fr.n(2) — fu(z)] = 0 for each k > 1,

(iil) Agp — ||fe — f|] for each k& > 1.

Proof: As the partitions 7, are nested, part (i) of the lemma follows directly
from the martingale convergence theorem and standard properties of conditional
expectations. Properties (a) and (b) of (x,y) readily imply the pointwise con-
vergence of ¢, to fi. As each function is constant on the cells of the finite
partition 7, assertion (ii) of the lemma follows. To establish (iii), define Ak,n
as in equation (4), with fi in place of ¢ . Then

Ak = l1fe = FIl < 1Akm — Dbn] +1A%n = 1fe = FI-
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The first term on the right hand side is at most

1/2
( Zlfk i) = Gr,n(T3)] ) < Iglg(ilm,n(ﬂf) — fi(@)],

which tends to zero by (ii). As for the second term,

n n

A= % > (fulwi) —y:)* = %Z(f;?(:vi) — 2fi (2 )yi + y3).-

i=1 i=1

The average of y? converges to [ f2du by property (d) of (x,y). Let ¢; be the
value of fi on the cell 4; € m;. As n = oo,

1 n n T
2 2 e = L S L) Sy = [ st
n 1—1 j=1 j=1
by virtue of (a), and
—Zn%mm— ngm.mean/fwzfmw
i=1 j=1 Aj
by virtue of (b). Comparing these limits with the corresponding terms of

||fx — f||* completes the proof. [ |

Proof of Theorem 2: Let p be a probability measure in D’ (u9, M), and let (x,y)
be any p-interpolation sequence for a bounded function f: X - R Fix k£ > 1.
By Lemma 1 there exists N = N(k) so large that for each n > N and each
1<j<k,

(7) max |¢jn(¢) — fi(@)l S € and |Ifj = fll < Ajn te
(recall that || - || is the Ly(p) norm). Foreach n > N and each 1 < j <[ <k,

/l¢l,n — ¢jaldpo < /|fl — fildpo + 2¢;

<IIfi = fll- </(dll0/dlt)dﬂt))l/2 + 2¢;

<M= FIL 1S = FID + 2¢5
< 2M||f; - fIl + 2¢;
<2MA;, +2(1+ M),
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where the second step is a consequence of the Cauchy-Schwartz inequality. It
follows from (5) that k;,, — oo.
Fix r > 1 and let N’ = N'(r) be so large that k, > r, A, < Hfr — fll2 + €,

and maxgex |@rn(z) — fr(z)| < € for each n > N'. When n,m > N', inequality
(5) implies that

/ |q3n - (Z’m|dlt0 S / |¢kn,n - ¢r,n!d;u'0 + / |¢km,m - ¢r,mldﬂo + 267‘
<2M(Apm + Arp) + (6 +4M)e,
(8) S4M||fr‘“f”2+6(1+M)€r-

Suitable choice of r makes the last sum less than any given positive number.
Thus {¢A>n} is a Cauchy sequence in Lq (o), and there is therefore an integrable
function f* for which [ |¢3n — f*lduo — 0. For each n such that k, > r,

[ 15 = #lduo
< 1= tokduo + [ 152 = dnnldia + [ 16n0 = bto.nldia + [ 198,.n = 1"ldb

SMllf_fr|!+/|fr_¢r,n|dﬂ0+2MAr,n+2(1+M)5r+/|qgn_f*|dNO-

Letting n, and then 7, tend to infinity shows that [|f — f*|duo = 0. As p is
dominated by o the proof is complete. ]

3. Reconstruction and predictive sequences

Here we give an alternative characterization of reconstruction sequences. A se-

quence X = xq,Zs,... with x; € X is stable if
©) )= Jim 3 Dot

exists for every bounded continuous function g : X — R, and is predictive if for
every € > ( there is a compact set K and a continuous function b : K — X such
that

(10) hmsup ZI{x, ¢ K}<e
z—l
and
(11) lim sup — ZI{% € K and d(h(z;),ziy1) > €} <.

— i
n—roo —1
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Condition (9) indicates that x has limiting first order relative frequencies, while
conditions (10) and (11) ensure that the elements of x are concentrated on com-
pact sets, and that on these sets one can predict z;,1 by a continuous function
of x; with small average error.

It is shown in Nobel {14] that if x is stable and predictive then there exists a
unique measure p on (X, B) and a unique m.p.t. T of (X, B, u) such that x is
a reconstruction sequence for T'. Conversely, if X is a separable Banach space,
then every reconstruction sequence x with values in X is stable and predictive.

4. Proof of Theorem 1

An explicit construction of the scheme {T,}°2, in Theorem 1 is given below.
The construction relies on the interpolation procedure of Theorem 2. In special
cases, e.g., when X = [0, 1] and #, is the k’th dyadic partition of the unit interval,
the estimates T}, can be constructed by a computer, though not in an efficient
fashion.

Proof: Let x be a reconstruction sequence for a u-preserving transformation
T: X — X. Fix k > 1 for the moment and write 7, = {A(j, k) : 1 < j < s(k)}.
For each z € X let mi(x) be the unique integer j € {1,...,s(k)} such that
xz € A4, k).

Cram 1: The sequence (z;,y;) = (z;,7x(xis1)), @ > 1, is a p-interpolation
sequence for the function

s(k)
ge() = jl{z € T Aj}.

J=1
Proof: Clearly |y;| < s(k) < oo for each ¢ > 1. Condition (b) follows from
(1) when V = X. Moreover, (1) implies that if 49(8A) = 0 then as n tends to
infinity,

2 Zyl]{xl €A} = Z Z]I{xz € A {z;11 € A(J,K)}
s(k)

- Zju(AﬂT_lA(j,k‘)) = /Agkdﬂy

=1
which is (¢). Condition (d) follows similarly as

s(k) n s(k)

%Zyz 212321{zz+1€AJ,k)}—>23u T71A(j, k) = /gzdu- n
i=1

=1

:
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Now let z1,...,x, be the first n terms of x, on the basis of which an estimate
T, of T will be created. For each k > 1 let

(12) (il?l,ﬂ'k(l’g)), (-T277Tk($3))7 s (zn—l,ﬂk(xn))

be pairs derived from the given finite sequence and 7. Applying the interpolation
procedure of Theorem 2 to these pairs yields an estimate i » of gi. Let

G (@) = min{1 < j < s(k) : |gen(@) - | < 1/2}

be a discretized version of this estimate, and define B, (j, k) = g,j;(])

CLAIM 2: For largen the sets By, (j, k) approximate T ' A(j, k), in the sense that

s(k)
j=1

Proof: Claim 1 and Theorem 2 jointly imply that [ |gx.n—gklduo — O asn — oo,
and it follows that

(13) nlil&/lgk,rl - gk[dllfo =0.
As each family {A(j, k) : 1 < j < s(k)} and {B,(j,k) : 1 < j < s(k)} consists of
disjoint sets,

s(k)
> no(Buli, AT A(j, k)

=1

s(k)
=3 [ 114 € Buli k)} - Ha € 714G, k) o
Jj=1

s(k) s(k)

<2 [1Yilte € B(i,0)} = Y iT{a € T AG, )} do
ji=1 j=1

52/|§k,n - grldpo,

and the claim follows from (13). The stated convergence also holds for p as
B~ o 1

Properties (1) and (2) of the partitions 7, ensure that po(A(j, %)) > 0 and
1o(OA(4,k)) = 0 for each k > 1 and 1 < j < s{k). By definition, B,(j,k) =
g;;(]) is a union of cells A € w,, where r is selected by the interpolation
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procedure of Theorem 2, and therefore uo(0B(j,k)) = 0. Since yo is non-
atomic there exists for each n, j, k such that uo(B,(j,k)) > 0 a measurable map
@n jk: Bn(j, k) = A(j, k) that preserves normalized po-measure in the sense that

(14) po(a ;i +C) _ po(a anC) wo(C) _ uo(C)
I—LO(B (]7k)) Ho (B (]7k)) I"’O(Z(L k)) HO(A(]’ k))
for each measurable set C C A(j,k) (cf. Royden [18], Theorem 15.5.16). If

po(Br(j,k)) = 0, let an ;i map B,(j,k) to a single point zp € X. For each
k > 1 define candidate estimates

s(k)
(15) T, n( zaw, (z)[{z € B,(j, k)}.

Fix positive numbers €¢; > ¢2 > --- tending to zero, and let k, be the greatest
k > 1 such that

a) 2 aem uO(Tl,"JAAT,;;A) < ¢ foreach | <k,

(b) 0< po(Bnjy k)) < 2M? - o (A(j, k) for 1< j < s(k).

Definition: The reconstruction estimate T,, based on the initial sequence
ZTi,...,Tnyr Of X is T, .

CLAM 3: The index k,, tends to infinity as n tends to infinity.
Proof: Fixk>1andlet! <k and1<j<s(l). Note that

po(Ty AU, DAT,  A(, 1) = po(Bn (i, AT, A(j, 1))
< uo(Bn(J, JAT VA5, D) + po(T ™A, DAT, L AGLD).

Now A(j,!) is equivalent mod zero to a union |J[-, A; of cells A; € 7, so the
second term above is equal to

IUAATk UA <Zuo TLAAT LA
i=1

s(k
<Zl‘0 T~ YA(i, k)AB, (4, k)).

Thus for [ < k the sum in condition {(a) above is at most

s(l) s(k)
Z,uo TYA(,)ABLG, 1) + s(l Zuo T-YA®i,k)AB,(i, k),
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which tends to zero as n — oo by Claim 2. Therefore (a) holds when #n is
sufficiently large. As g ~ po and 7 is finite, Claim 2 also implies that as
n — 00,

s(k) s(k)
D 1#(Bais k) — w(AG, k) = D 11(Bali, k) — w(T 7 A, k)|
=1 i=1

s(k)
(16) <D H(Bu(i, K)AT T AG, k) - 0.

As po(A(j,k)) > 0 for each 1 < j < s(k), the same is true of u(A(j,k)), and as
p € D{po, M),

Ho(Bn{j, k) < M?. P’*(Bn(j’k)).

uo(AG, k) ~ n(A(G, k)
It then follows from condition (16) that (b) holds when n is sufficiently large.
|

CLAM 4: For every C € B, limp_,00 po(T71CAT1C) = 0.

Proof: First consider C € 7z and let [ > s. Then C' is equivalent mod zero to a
union of cells A € 7, and therefore

po(TTICATIC) < S no(T T AAT I A) + S (T, AAT, Y A).
A€m; A€Em;

As k,, tends to infinity, Claim 2 implies that

lim sup po (T *CATIC) < ¢,

n—o0

and the asserted convergence follows as [ was arbitrary.

Now let C be any element of B. Fix € > 0 and select § > 0 such that u(B) < §
implies po(B) < e. As Jpeq mx is equivalent mod zero to a semi-ring of sets
generating B, there exists s > 1 and sets {A,} C 7, for which E = CA(|J A,)
satisfies u(E) < 6. The value of po(T~'CAT'C) is at most

po(T7E) + po (T 4)AT( 4a)) + mo(T7 1 E).

As u(T7*E) = p(E) < § the first term above is less than €. For each | > s the
second term is at most

Y wo(TTHAATVA) < Y puo(THAAT T A) + ) wo(Ty, AATL ! A),
Aem; Aem; A€em
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which tends to zero by arguments give in the special case C € 7, treated above.
Condition (a) in the definition of k, implies that

N d T_l
po(TT1E) = / dpo° T,

E dpo

S et
=1 YENA(Gkn) dug
(kn) o

Y miBk,
j=1 EmA(j’kn) NO(A(]7 kn))
s(kn)

< > 2ME - po(EN A, kn))
j=1

= 2M?uo(E) < 2M7e.

As € > 0 was arbitrary, the proof of the claim is complete. The assertion of
Theorem 1 follows as pg ~ . |

5. Strong topology

The strong topology on the space of measurable transformations of [0,1) is the
topology induced by the metric

d(S,T) =Mz : Sz # Tz},

where A denotes Lebesgue measure on [0, 1). In contrast with Theorem 1 above, it
is shown in Theorem 3 that it is not possible to estimate every Lebesgue measure
preserving transformation of [0,1) in the strong topology from finite segments of
its orbit. To do this, a measure v is placed on a family S of e.m.p.t.’s derived from
the von Neumann—Kakutani adding machine. The richness of S under » is then
used to show that there is no consistent procedure for estimating transformations
in § in the strong topology.

On the other hand, it is possible to obtain strongly consistent estimates for
restricted families of transformations. To illustrate this, the next section exhibits
a consistent scheme for estimating any infinite interval exchange transformation
of [0,1) in the strong topology.

5.1 INFINITE INTERVAL EXCHANGES. Many examples of ergodic Lebesgue mea-
sure preserving transformations appearing in the literature are defined on the
unit interval as infinite interval exchange transformations. In particular, every



Vol. 126, 2001 FINITARY RECONSTRUCTION 323

measure preserving transformation defined on a non-atomic, separable proba-
bility space is measure theoretically isomorphic to an infinite interval exchange
transformation defined on [0,1) with Lebesgue measure (Arnoux, Ornstein and
Weiss [1]). There is a simple procedure that provides consistent finitary esti-
mates of every interval exchange map in the strong topology. The procedure is
linear interpolation, accomplished by connecting adjacent points on the graph
with straight line segments. This procedure will work for a wider class of maps
defined on {0,1). Let I;, j > I, be disjoint subintervals of [0,1), and let a; be
real constants. A map f is an E{]j,a;}-map if /\(U;?i1 I;) =1and f'(z) = q;
for x € I;. Given n sample pairs (2;,y;) = (x;, f(x;)) of such a map, order the
z;sothat 23 <zp <---<zp,andlet 25 =0, 201 = 1, o = 11 and yp1 = Yu.
For 1 <i <n+1, define

Yi —Yi—1

Qg g =
Ti — Ti-1

and let

Fal@) = yi + nilz — ;)
for x;y <z <z
PROPOSITION 3: If f is an E{Ij, 0 }-map and {z; : i = 1,2,...} C U;’il I is
dense in [0,1), then for almost every x € [0,1), fn(t) = f(z) for all but a finite
number of n.

Proof:  Suppose that z is contained in Ij, for some k. Since the sequence z; is
dense, there exist positive integers n and i < n such that a;, < z;_; <z < 2; <
bi. Since f is linear on (ax,bx), Gn,; = ag. Therefore,

fal@) = i + Gnale — 2:) = flz:) + anlz — ) = f()

and f,,(z) = f(z) for all m > n. ]

CoOROLLARY 1: If T is an infinite interval exchange transformation, then for
almost every x € [0,1) the estimates T, formed as above from pairs (z;,y;) =
(T*~'z,T'z) will converge to T pointwise and in the strong topology.

5.2 A COUNTEREXAMPLE.

THEOREM 3: Let T be the family of Lebesgue measure preserving trans-
formations of [0,1). No reconstruction scheme {T,} has the property that
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Mu:Ty(u:z,...,T" z) # T(uw)} - 0 for every T € T and every z € [0,1]
such that z,Tz,... is a reconstruction sequence for T

Proof: Given a stack C = {I1,..., Lo} of intervals I; = [a;,b;) C [0,1), define
the switching map ¢ on Uf:m +11i by

T+ (Q‘—gﬂi) ifz € [ai,%;—b")
z - (b’—;"l) if z € [2utbi b))

Belz) = {

for m + 1 <i < 2m. Let T be the von Neumann-Kakutani adding machine and
let Cp, = {I1,...,Im,}, n > 1, be the columns formed in the construction of T
where m,, = 2"71. Let 8; = Bc, +2 for positive integers i. Define the set S of
switching sequences

S = {(¢:)21 : ¢i € {Bi,identity}}.
For each ¢ = (¢;) € S, the map
Ty :nli_{go(qsno(ﬁn—l o--r0¢0T)

is an invertible, ergodic, Lebesgue measure preserving transformation of [0,1).
Note the distance between any two distinct elements ¢ and ¢ in S:

1
M : Tyx =Tyx} > 3

Let v be Bernoulli(%, %) measure on S. For each positive integer q, let

Sy ={¢ = (¢1,92,...) : ¢q is the identity}.

Define the map §;: S = S by

Eq(djla---a¢q—1,¢q7¢q+17---) = (¢17-"7¢q—ladgq;¢q+17-")

where @, # @,. Thus the restriction of ¢, is a measure preserving bijection from
Sy to S;. Consider the space [0,1) x § with probability measure A x v. Extend
£, 0 [0,1) x S by defining &,(z,9) = (z,&(4)).

Suppose there exists a consistent procedure for estimating each transformation
T, in the strong topology. For each ¢ € S, positive integer n and A almost
every z € [0,1), let Ty[z,n] be the estimate of Ty produced from the sequence
{z,Tpz, ... ,Tg_l}. Define the set

G ={ (0,00 Ay s Tolownl) = Tewd > 3|
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Since the procedure is assumed to be consistent, lim,_,o, A x ¥(G,) = 1. Choose
N such that
Axv(Gn) > }é
16
Let g be such that 291 > N, and let B denote the union of the bottom 297!
levels of Cg1o. Then A(B) = 1, and hence
1 1

Axv(GNN(B x8,)) > MBS, — 6= 16

Also,

(A x 2)(Gn N (B x 55)) > Tlé

Since the map &, is measure preserving,
Ax V(&GN N(BXxS))NGNN (B xSy)) > 0.

Therefore there exist * € B and ¢ € &, such that both (z,4) € Gn and
(x,€,(¢)) € Gn. But this contradicts the consistency of the procedure since
Ty = qu((p)x fori=0,1,...,N ~ 1, but d(Ty, T¢, () > 1/2. ]

Remark: As shown by one of the referees, one may establish a similar counter-
example based on a family 7 of transformations of the set = [1] x [2] x [3] x - - -,
where [n] = {1,2,...,n}. The family 7 contains all infinite products of cyclic
permutations of the coordinates of (2.

ACKNOWLEDGEMENT: The authors wish to thank the referees for their helpful
comments and suggestions.
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