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ABSTRACT 

T h i s  paper  considers  the  finitary reconst ruc t ion  of an  ergodic measu re  

preserving t r ans fo rma t ion  T of a comple te  separable  metr ic  space X f rom 

a single t ra jec tory  x, T x , . . . ,  or more  generally, f rom a sui table  recon- 

s t ruc t ion  sequence x -- x l ,  x 2 , . . ,  wi th  xi C X .  An n - sample  reconstruc-  

t ion is a funct ion Tn: X n+l -+ X; the  m a p  ~b n ( ' ; x  1 , . . . ,  Xn) is t rea ted  as 

an e s t ima te  of T(.)  based on the  n initial e lements  of x.  Given a reference 

probabi l i ty  m e a s u r e / t o  and  cons tan t  M > 1, funct ions  T1, T2, . . .  are de- 

fined, and  it is shown tha t  for every it with 1/M ~_ dit/dito ~_ M, every 

i t-preserving t r ans fo rmat ion  T ,  and every reconst ruc t ion  sequence x for 

T ,  the  e s t ima te s  Tn( ' ;  x l , . . . ,  Xn) converge to T in the  weak topology. 

For the  family of interval exchange t r ans fo rma t ions  of [0, 1) a s imple  

family  of e s t ima tes  is described and  shown to be consis tent  bo th  pointwise 

and in the  s t rong  topology. However, it is also shown tha t  no f ini tary 

es t ima t ion  scheme is consis tent  in the  s t rong  topology for the  family  

of all ergodic Lebesgue measure  preserving t r ans fo rma t ions  of the  uni t  

interval,  even if x is a s s u m e d  to be a generic t ra jec tory  of T.  
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1. Introduction 

Let X be a complete 

probability measure #, 

transformation (e.m.p.t.) 

T. M. ADAMS AND A. B. NOBEL Isr. J. Math. 

separable metric space with Borel subsets B and 

and suppose T is an ergodic measure preserving 

of (X,/3, p). It is well known that for #-almost every 

x C X,  the (right infinite) trajectory x, Tx, T2x,...  of T starting at x determines 

T, where "determines" means that  from knowledge of the entire trajectory one 

may, in principle, construct a map T'  such that #{T'  ~ T )  = 0. Maharam [13] 

undertook a systematic study of individual sequences that determine measure 

preserving transformations of [0, 1] in this infinitary sense. Her work was later 

extended by Bick [2], Kappos and Papadopoulou [9], Coffey [7], and Sun [19]. 

This paper considers the finitary reconstruction of an e.m.p.t. T: X --~ X from 

a single trajectory, or more generally, from an individual sequence whose succes- 

sive entries determine the action of T. By finitary it is meant that successive 

estimates of T are produced from a given sequence in such a way that the n'th 
estimate depends only on the first n terms in the sequence. 

Finitary reconstruction of Bernoulli processes has previously been considered 

by Ornstein and Weiss [17]. They describe an estimation scheme that,  given any 

Bernoulli process Y = Y1,Y2,..., produces a sequence of processes Z1, Z2 , . . .  

such that  Zk is constructed only from knowledge of Y1,-. . ,  ]~k, and Zk converges 

in the d distance to Y. Moreover, they showed that no estimation scheme is 

consistent for the larger family of K-automorphisms. We consider here a weaker 

form of convergence, namely that  of the weak topology, and in this setting it is 

possible to define consistent estimates for a larger class of transformations. 

To illustrate the notion of finitary reconstruction studied below, suppose that 

T: X --~ X is an ergodic, p-preserving transformation of X. Recall that a se- 

quence S1, $2 , . . .  of transformations is said to converge to T in the weak topology 

if #(SnlAAT-1A) --+ 0 for every A C /3. Given a trajectory x, Tx, T2x,.. .  of 

T we wish to construct transformations 561, T2,. -- with the property that Tn de- 

pends only on x, Tx , . . .  ,Tn-lx,  and lbn -+ T in the weak topology as n -+ co. 

To see how such estimates might be constructed in a simple case, note that each 

pair (Ti-lx, Tix) of successive points in the trajectory lies on the graph of T. 

If X = l~ and T is piecewise continuous, then good estimates of T can easily 

be obtained by connecting neighboring points on its graph by straight lines; in 

higher dimensions linear interpolation will also suffice. (Section 5.1 shows how 

this can be done in the special case of infinite interval exchange transformations 

of [0, 1].) Of interest here is the estimation of transformations T assumed only 

to be measurable, and in this case such simple estimates are not effective. 
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Finitary estimation is the sort most often considered in statistics, where it is 

commonly assumed that  successive observations are independent, or obey one 

of a variety of mixing conditions. These mixing conditions give information 

about the rate at which sample averages converge to expectations. The principal 

difficulty encountered in the present context is the lack of rates of convergence in 

the ergodic theorem. As shown below, one may circumvent this difficulty if the 

measure preserved by T is comparable to a known reference measure. 

1.1 STATEMENT OF PRINCIPAL RESULT. If A is a subset of X then A °, A, and 

OA denote, respectively, the interior, closure, and boundary of A. 

Definition: A sequence x -- x l , x 2 , . . .  ¢ X is a r e c o n s t r u c t i o n  s e q u e n c e  for 

a measure preserving transformation T of (X, B, #) if 

1 
I{x i  • V}I{x i+l  • V}  --+ # (V  n T - 1 V )  (1) n 

i=1 

for every U, V • B such that  #(OU) = #(OV) -- O. Note that  the transformation 

T need not be ergodic. It  is not assumed that  the convergence in (1) takes place 

at any prespecified or uniform rate. 

The following proposition follows in a routine manner from pointwise ergodic 

theorem. 

PROPOSITION 1: Almost every trajectory of an e.m.p.t. T: X -+ X is a 

reconstruction sequence for T. 

A finitary r e c o n s t r u c t i o n  s c h e m e  is a sequence of measurable maps 

T,: X n+l ~ X,  n > 1. Given a reconstruction sequence x = x l , x 2 , . . ,  for 

a p-preserving transformation T: X ~ X ,  the map 

Tn(x) = T,~(x; x l , . . . ,  x~) 

is taken to be an estimate of T based on the first n terms of x. The scheme 

{Tn} is w e a k l y  c o n s i s t e n t  for x if T,, ~ T in the weak topology. Our goal is 

to exhibit a scheme that  is simultaneously weakly consistent for a large family of 

transformations and reconstruction sequences. Let/ to be a non-atomic, reference 

probability measure on (X,/3), let M > 1, and define 

~D(po,M)= # : ~ _ <  ~ < M  . 

Every measure # ¢ ~D(#o, M) is finite and equivalent to #o. Our principal result 

is the following. 
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THEOREM 1: Given #o and M there exists a t~nitary reconstruction scheme 

{Tu},~=I such that for each # C l)(po, M),  each measure preserving transfor- 

mation T of (X,/~,#),  and each reconstruction sequence x = x l , x 2 , . . ,  for T, 

the estimates T~(x) = T,~(x;xl , . . .  ,x~) are such that # ( T ~ I A A T - 1 A )  -4 0 for 

every A E 1~. 

The construction of the scheme {Tn}~__l is described in the proof of Theorem 1. 

To illustrate the result, suppose X = [0, 1], P0 is Lebesgue measure, M = 1, and 

let T~: [0, 1) n+l -~ [0, 1), n _~ 1, be the estimates of the theorem. Then for every 

ergodic Lebesgue measure preserving transformation T of [0, 1), for almost every 

x E [0, 1), the maps Tn(') = T,~(.; x, T x , . . . ,  T~ - l x )  derived from the trajectory 

of T starting at x will converge to T in the weak topology. 

The problem of estimating an iterated map has been considered in the context 

of chaos and non-linear dynamics, where the ultimate goal is typically prediction, 

or the estimation of some features of the dynamics such as Lyapunov exponents 

or the dimension of an attractor. Representative work can be found in the papers 

of Farmer and Sidorowich [8], Casdagli [5, 6], Kostelich and Yorke [10], Nychka 

et al. [16], and Lu and Smith [12]. Additional work and references can be found 

in the book of Tong [20]. This work differs from that in the present paper in 

several respects. The cited references consider continuous or, more commonly, 

differentiable transformations, and their ultimate goal is to develop methods 
that are readily applicable to the analysis of experimental data. In addition, 
it is assumed that  successive iterates of the transformation are perturbed by 

independent observational or dynamical noise, so that the actual trajectory of T 

is not directly observed. While the assumption of noisy observations complicates 

the problem in some respects, it enables one to apply time series and Markov 

chain techniques that are not applicable in the general setting considered here. 

Lalley [11] describes a general means of reconstructing the orbit of a smooth 

diffeomorphism F, acting on a hyperbolic attractor, when the iterates of F are 

corrupted by additive, independent, observation noise. Bosq and Gu~gan [4] 

study kernel estimates of continuous, uniformly mixing transformations in the 

noiseless setting. Nobel and Adams [15] proposed finitary estimates, similar 

to the interpolation estimates of Section 2, for e.m.p.t.'s T: ]~d ~ ]~d. Their 

estimates are L1 consistent, but may not converge in the weak topology. 

1.2 SUMMARY. The next section is devoted to the problem of interpolation. The 

results established there are used in the proof of Theorem 1. In the interpolation 

problem the goal is to estimate a bounded function f :  X ~ l~ from a sequence 

of pairs (x l ,y l ) , (x .2 ,y2) , . . .  E X x ~ that lie on the graph of f .  A finitary 
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interpolation scheme is proposed and its Ll-Consistency is established in Theorem 

2. An alternative characterization of reconstruction sequences is briefly described 

in Section 3. Section 4 contains the proof of Theorem 1. 

Section 5 is devoted to the problem of finitary reconstruction in the strong 

topology, that  is, reconstruction schemes for which p{Tn # T} --+ 0. It is shown 

that such schemes exist for the family of infinite affine interval exchange trans- 

formation of [0, 1), but that no strongly consistent scheme exists for the larger 

family of ergodic Lebesgue measure preserving transformations of [0, 1). 

2. Interpolat ion of  bounded  functions 

Our goal is to estimate a bounded, measurable function f :  X -+ ]R from a se- 

quence of pairs (Xl, Yl), (x2, Y2) , . . .  E X x ]~ whose limit points lie on the graph 

of f .  Of particular interest is the case where xi = T i x  is the i ' th point in the 

trajectory of a given ergodic transformation T, and Yi = f ( x i )  = f ( T i x )  is the 

corresponding value of f .  In this case (xi, Yi) are points on the graph of f selected 

according to a trajectory of T. 

Definition: Let f :  X -+ ~ be bounded and measurable, and let p be a proba- 

bility measure on ( X , B ) .  A sequence (x ,y)  = (x l ,y l ) ,  ( x~ ,y2 ) , . . .  C X × ]R is a 

p-interpolation s e q u e n c e  for f if 

(a) there exists K < oc such that lYil <- K for each i _> 1, 

(b) n -1 ~,i'~ l I { x i  E A}  -+ p(A)  if p(OA) = 0, 

(C) ?7, -1 Ein__l y i I {x i  C A} + fA  f d p  if p(OA) = O, 

(d) n -1 E~=I y2 __+ f f2dp" 

When condition (b) holds, the sequence x is said to have one-dimensional 

stationary distribution p. 

PROPOSITION 2: I f  f :  X --~ ]R is bounded and T is an e.m.p.t ,  of  (X,  13, p),  then 

for p-almost  every x E X ,  (x, y) = (x, f (x)) ,  ( T x, f ( T x ) ) , . . . is a p-interpolation 

sequence for f . 

A finitary interpolation scheme is a sequence of measurable maps On: 

X x (X × ]R) n -+ ~, n _> 1. Given a p-interpolation sequence (x ,y)  for f 

the map 

= Cn(X: (X. Y/)L--1) 
o o  acts as an estimate of f based on ( x l , y l ) , . . . ,  (Xn,y,~). The scheme {¢~}~,=1 is 

L1 consistent for (x, y) if f I~)n - f l dp  --+ O. 

The interpolation and reconstruction schemes defined below are based on finite 

partitions of X with shrinking cells. Let P0 be a fixed reference probability 
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measure on (X, B), and let {ul, u2, . . .}  be a countable dense subset of X. Define 

B(x,  r) = {u : d(x, u) < r} to be the open ball of radius r centered at x. For each i 

let {ri,j : j > 1} be positive numbers tending to zero such that #o(OB(ui, ri,j)) = 
0. Let 7r 8 = {X, 0}, and for k _> 1 define partitions 7r~ = Al<i,j<k B(xi,ri , j) .  If 
7fix] denotes the unique cell of 7r containing x, then for each x C X, 

(2) diam(Tr~[x]) ~ 0 as k --+ 0o, 

where diam(A) = sups,yeA d(u, v) denotes the diameter of A C_ X. It follows 

that the semi-ring [.Jk>o ~'~ generates B. Let 7to = 7r 8, and let 7rk be any partition 

that results from adjoining those elements of ~r~ having #o-measure zero to a 

fixed element of 7r~¢ having positive measure. The partitions 7r0, ~'1,.. • have the 

following properties: 

(1) #o(OA) = 0 for each A E [Jk>0 7rk, 

(2)/Zo(A) > 0 for each A E [.Jk>l 7rk, 

(3) [.Jk>0 7rk is equivalent mod 0 to a semi-ring generating B. 

2.1 THE INTERPOLATION SCHEME. Let/zo be the reference probability measure 

above. Fix M > 1, define 

D'(/Zo,M) = {/Z:/Z "~/zo and Jf  -dd~° d/zo < / Z  _ M 2 } .  

Let (x,y) = (xl ,yl) ,  (x2,y2), . . .  • X x II~ be a/z-interpolation sequence for an 

unknown bounded function f .  Given the first n terms ( x l , y l ) , . . . ,  (xn,yn) of 

(x, y) define histograms 

(3) Ck,n(x) : yJ{x  • 

by averaging the values Yi within the cells of 7rk, k _> 0. If no xi lies in 7rk Ix] set 

Ck,n(X) = 0. Let 

(4) A k ,  n = ( ¢ k , n ( X i )  --  y i )  2 

be the empirical L2-toss of Ck,n- 

The histograms {¢km : k > 1} are candidate estimates of f .  An estimate q~n is 

selected from among the candidates by adaptively choosing a suitable index k~ 

based on Ak,~. Fix constants el > e2 > " "  > 0 tending to zero. Let kn be the 

largest integer k > 1 such that 

(5) [ I @ , n - ¢ j , n l d / Z 0 < - 2 M A j , n + 2 ( I + M ) e j  f o r l < j < l < k  
J 



Vol. 126, 2001 FINITARY RECONSTRUCTION 315 

and define 

(6)  n(x) = = 

In most  cases the index kn will not increase monotonical ly with the sample size 

n, nor will it grow at a prespecified rate. 

THEOREM 2: For every measure p E g)' (po, M),  every bounded measurable func- 

tion f: X -+ ~, and every p-interpolation sequence (x, y) for f ,  the estimates Cn 

produced according to (3)-(6) are such that f x  ]¢~ - f]dp ~ 0 as n ~ oo. 

Remarks: The  proposed estimates are finitary, as ¢~ depends on (xl ,Yl) ,  . . . ,  

(x,~, y , ) .  The  theorem requires only tha t  the one dimensional distr ibution p of 

x be comparable  to P0. Beyond condition (c) above, no assumptions are placed 

on the joint behavior of y and x. Note tha t  evaluation of ¢,~ requires knowledge 

of bo th  P0 and M. 

2.2 PROOF OF THEOREM 2. Let # be a Borel probabil i ty measure on X and 

let f :  X ~ R be bounded and measurable.  For each finite par t i t ion 7r of X let 

1 L f(v)dp(v) ,  ( f  o 7r)(x) - p(Tr[x]) [.,1 

provided that  p(Tr[x]) > 0, and set ( f  o 7r)(x) = 0 otherwise. Thus f o 7r is 

a version of the conditional expectat ion of f given 7r. Define the L2(p) norm 

I[fl] = ( f l f [2dp) ' /2 ,  and note tha t  ][f oTrl] _< ]Ifl]- 

LEMMA 1: Let (x, y) = (xl,  Yl), (x2, Y2), . . .  be a p-interpolation sequence for a 

bounded function f and let fk = ( f  o 7rk). I f  p ,'~ Po then 

(i) ] l f k  - -  fl[ decreases to zero as k -4 oo, 

(ii) m a x x c x  ]¢k,n(x) - fk(x)l -4 0 for each k >_ 1, 

(iii) Ak,~ -4 [[fk -- f[[ for each k >_ 1. 

Proof'. As the part i t ions 7rk are nested, par t  (i) of the lemma follows directly 

from the mart ingale convergence theorem and s tandard  propert ies of conditional 

expectations.  Proper t ies  (a) and (b) of (x ,y )  readily imply the pointwise con- 

vergence of Ck,,~ to fk. As each function is constant  on the cells of the finite 

par t i t ion 7rk, assertion (ii) of the lemma follows. To establish (iii), define /Xk,~ 

as in equat ion (4), with fk in place of Ck,~. Then  

[Ak,~ --Ilfk - fill ~ I/~k,~ - /~k ,n l  + [~k,n -[[ fk  -- fill. 
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The first term on the right hand side is at most 

~ m ~ l C k , ~ ( x )  - fk(x) l ,  

which tends to zero by (ii). As for the second term, 

n 1 n 2 
Ak,~-2 : n--l E(fk(Xi)i=l -- yi)2 = n i~--.l(fk(Xi)': -- 2fk(xilYi+Y2)" 

The average of y~ converges to f f2d# by property (d) of (x ,y) .  Let cj be the 

value of fk on the cell A t E 7rk. As n --+ cxD, 

- ~ Y~(xd 1 c21&(xi) -+ c~#(Aj) = - = f~dlz 
n i=1 n i=~ t=l t =] 

by virtue of (a), and 

l ~ f k ( x ~ ) f ( x ~ )  1 ~ - ' ~ .  ~=~ /A / - -  = - -  c j l A j  ( x i ) f ( x i )  " -~  C j  fd#  = f k fdp  
n i=1 n i=1 j=l 

by virtue of (b). Comparing these limits with the corresponding terms of 

Ilfk - ]112 completes the proof. II 

Proof of Theorem 2: Let # be a probability measure in 79'(#0, M), and let (x, y) 

be any/~-interpolation sequence for a bounded function f :  X --~ liL Fix k _> 1. 

By Lemma 1 there exists N = N(k) so large that for each n _> N and each 

l<__j<_k, 

(7) maxlCJ,n(X)-fJ(x)l  <~J and I I f t - f l l  < i j n + ~ j  
x C X  - -  - -  ' 

(recall that I1" II is the L2(#) norm). For each n _> N and each 1 _< j < l _< k, 

/ l C t , n  - Cy,nldlz0 ~ ] fjld~o 2~y 
f 

If, + 

-< 113 - fyll" (dtLo/dtt)d.o 

<_ M(llYt - ]II + tlYt - Ill)  + 2,t  

< 2MIlf j  - fl l  + 2 , j  

< 2~.IAj, n + 2(1 + M)ej,  

+ 2ej 
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where the second step is a consequence of the Cauchy-Schwartz inequality. It 

follows from (5) that kn --+ oz. 

Fix r >_ 1 and let N' = N'(r) be so large that kn >_ r, At, n ~_ [[fr -- file + er, 

and maxxcx I¢~,,~(x) - f~(x)l < e~ for each n > g ' .  When n , m  > g ' ,  inequality 

(5) implies that 

/ - < / lCko,  - + / lCkm,.  - ¢ ,mld#o + 

<_ 2M(A~,m + A~,n) + (6 + 4M)e~ 

(8) _~ 4M[[fr - f[[2 + 6(1 + M)er. 

Suitable choice of r makes the last sum less than any given positive number. 

Thus {¢n} is a Cauchy sequence in Ll(#0), and there is therefore an integrable 

function f* for which f [¢n  - f*tdpo --+ O. For each n such that  k~ _> r, 

I f -  f*ldpo 

~-- / [f -- fr'd#° "}- /[fr-q)r'n[d#o-[- /]~r'n--~k~'n'd/~oq- / ]~)kn'n -- f*[d#o 

<_ i [ [ f  - f~[I + / [ f ~  - ¢~,n[d#0 + 2MA~,~ + 2(1 + i ) e ~  + / ] ¢ ~  f*]d#o. 

Letting n, and then r, tend to infinity shows that  f ] f  - f*[dp0 = 0. As # is 

dominated by it0 the proof is complete. | 

3. Recons truc t ion  and predictive sequences  

Here we give an alternative characterization of reconstruction sequences. A se- 

quence x = Xl ,X2, . . .  with xi E X is stable if 

(9) A(g) = lim 1 - g(x ) 
n--+ oo n 

i = 1  

exists for every bounded continuous function g : X -+ I K and is predictive if for 

every e > 0 there is a compact set K and a continuous function h : K -+ X such 

that 

(10) 

and 

(11) 

lim sup -1 ~ I{x i  ~ K}  < 
n--+ oo n 

i = 1  

n 

lim sup n E I{xi  e K and d(h(xi),x~+l) >_ e} ~_ e. 
n - - ~  

i = 1  
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Condition (9) indicates that  x has limiting first order relative frequencies, while 

conditions (10) and (11) ensure that  the elements of x are concentrated on com- 

pact sets, and that  on these sets one can predict xi+l by a continuous function 

of xi with small average error. 

It is shown in Nobel [14] that if x is stable and predictive then there exists a 

unique measure/~ on (X, B) and a unique m.p.t. T of (X, B, p) such that  x is 

a reconstruction sequence for T. Conversely, if X is a separable Banaeh space, 

then every reconstruction sequence x with values in X is stable and predictive. 

4. P r o o f  o f  T h e o r e m  1 

T An explicit construction of the scheme { ,~}~=1 in Theorem 1 is given below. 

The construction relies on the interpolation procedure of Theorem 2. In special 

cases, e.g., when X = [0, 1] and 7rk is the k ' th  dyadic partition of the unit interval, 

the estimates Tn can be constructed by a computer, though not in an efficient 

fashion. 

Proo~ Let x be a reconstruction sequence for a p-preserving transformation 

T: X ~ X.  Fix k _> 1 for the moment and write ~rk = {A(j,k) : 1 <_ j <_ s(k)}. 

For each x • X let 7rk(x) be the unique integer j • { 1 , . . . , s ( k ) }  such that  

x • A(j, k). 

CLAIM 1: The sequence (xi,yi) = (xi,Trk(Xi+l)), i >_ 1, is a #-interpolation 
sequence for the function 

s(k) 

g~(X) = y~. j I{x  • T-1Aj,k}. 
j = l  

Proo~ Clearly lYi[ <_ s(k) < oo for each i _> 1. Condition (b) follows from 

(1) when V = X.  Moreover, (1) implies that  if #o(OA) = 0 then as n tends to 

infinity, 

n 

n ~.= yiI{xi • A} 
s(k) 1 n 

= ~ n E j I { x i  • A}I{xi+l • A(j,k)} 
j = l  i=1 

s(k) 

--+ E J P ( A  N T-1A(j, k)) = ~ gkd,, 
j = l  

which is (c). Condition (d) follows similarly as 

s(k) 
= E 1 j2I{xi+l • A(j,k)} -+ E j 2 p ( T - 1 A ( j , k ) )  

j=l i=1 j=l 

1 n 2 
- n E Y i  

i=1 

. 
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Now let x l , . . . ,  xn be the first n terms of x, on the basis of which an estimate 

T~ of T will be created. For each k > 1 let 

(12) ( x l ,  . . . .  , ( x , , ) )  

be pairs derived from the given finite sequence and 7rk. Applying the interpolation 

procedure of Theorem 2 to these pairs yields an estimate ~)k,.~ of gk. Let 

t)k,n(X) = mAn{1 _< j < s(k):  I~k,n(X) - jl -< 1/2} 

be a discretized version of this estimate, and define Bn(j, k) = ~[,~(j). 

CLAIM 2: For large n the sets Bn(j, k) approximate T-1A(j ,  k), in the sense that 

s(k) 
,)Am E po(Bn(j, k)AT-1A(j ,  k)) = O. 

j = l  

Proof: Claim 1 and Theorem 2 jointly imply that f I~k,~--gkld#o ~ 0 as n ~ ec, 

and it follows that 

(13) ,~lim / [~]k , ,~  - -  gkld#o = O. 

As each family {A(j,k) : 1 -< j <_ s(k)} and {Bn(j,k) : 1 -< j -< s(k)} consists of 

disjoint sets, 

s(k) 
E #o(Bn(j, k)AT-1A(j ,  k)) 
j = l  

s(k) 
=~.= / ] I { x  E Bn(j,k)} - I{x e T-1A(j,k)}]d#o 

s(k) s(k) 

- < 2 / ] E j I { x  • Sn(j, k)} - E j I { x  • T-1A(j,  k)}[d#o 
j = l  j = l  

<_2 /Igk,,~ - gkldtto, 

and the claim follows from (13). The stated convergence also holds for # as 

# ~ Po. II 

Properties (1) and (2) of the partitions 7rk ensure that #o(A(j, k)) > 0 and 

#o(cgA(j,k)) = 0 for each k _> 1 and 1 < j <_ s(k). By definition, B.n(j, k) = 
~/,~(j) is a union of cells A E 7rr, where r is selected by the interpolation 
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procedure of Theorem 2, and therefore #o(OB(j,k)) = O. Since lt0 is non- 

atomic there exists for each n,j,  k such that #o(Bn(j, k)) > 0 a measurable map 

and,k: Bn(j, k) --+ A(j, k) that preserves normalized/t0-measure in the sense that  

(14)  #o((~,l,kC)_ Po(a~l,kC) = #o(C) _ po(C) 
#o(Bn(j, k)) tto(B~(j, k)) #o(-A(j, k)) po(A(j, k)) 

for each measurable set C C_ A(j,k) (cf. Royden [18], Theorem 15.5.16). If 

#0(B~(j ,k))  = 0, let an,j,k map Bn(j,k) to a single point x0 E X. For each 

k > 1 define candidate estimates 

s(k) 

(15) Tk,n(X) = E an,j,k(X)I{x • Sn(j, k)}. 
j-~l 

Fix positive numbers q > (2 > " ' "  tending to zero, and let k~ be the greatest 

k > 1 such that 

(a) EAErr, po(TI.IAAT[, 1A) <- ez for each l < k, 

(b) 0 < po(B,~(j, k)) <_ 2M 2. po(A(j, k)) for 1 <_ j <_ s(k). 

Definition: The reconstruction estimate Tn based on the initial sequence 

Xl : . . . ,Xn+I  o f x  is Tk~,n. 

CLAIM 3: The index kn tends to infinity as n tends to infinity. 

Proof: F i x k > l  and l e t l < k a n d l < j < _ s ( 1 ) .  Note that 

#o(Tl.~ A(j , 1)AT[,~ A(j, 1) ) = #o( Bn(j, I)AT[,1A(j, l) ) 

_< tto(Bn(j, 1)AT-1A(j, 1)) + #o(T-1A(j, I)AT[,,~A(j, 1)). 

m Now A(j,l) is equivalent mod zero to a union [-Ji=l Ai of cells Ai E 7rk, so the 

second term above is equal to 

m m 

#°(T-1  U AiAT;-, in Ai) ~_ E #°(T-1AiATk,, lnAi) 
i----1 i=1 i=1 

s(k) 

<- E po(T- '  A(i, k)ABn(i, k) ). 
i=1 

Thus for 1 _< k the sum in condition (a) above is at most 

s(t) s(k) 

E #°(T-1A(i' 1)AB,~(i, 1)) + s(l). E #°(T-1A(i'  k)AB,~(i, k)), 
i=1 i= l  
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which tends to zero as n ~ oo by Claim 2. Therefore (a) holds when n is 

sufficiently large. As /t ~ /to and ~k is finite, Claim 2 also implies that  as 

rt ---+ (N2~ 

s(k) s(k) 
E I/t(B'~(i' k)) -/t(A(i,  k)) I = E [#(S~(i, k)) - / t ( T - 1 A ( i ,  k)) I 
i=1 i=1 

s(k) 
(16) <_ E/t (Bn(i ,k)AT-1A(i ,k))  --+ O. 

i=1 

As/t0(A(j ,  k)) > 0 for each 1 <_ j < s(k), the same is true of / t (A(j ,  k)), and as 

/t • D(/to, M), 
/to(B~(j,k)) < M2 " /t(B~(j,k)) 
/to(A(j,k)) - /t(A(j,k)) " 

It then follows from condition (16) that  (b) holds when n is sufficiently large. 
| 

CLAIM 4: For every C C B, l i m ~ _ ~ / t o ( T j I C A T - 1 C )  = O. 

Proof: First consider C E 7% and let l > s. Then C is equivalent mod zero to a 

union of cells A C 7rl, and therefore 

#°(T-'CA:F,:IC) <- E #°(T-1AAT'-f~ A) + E #°(Tt.~AAT~I,~ A)" 
AC~:t AE~t  

As kn tends to infinity, Claim 2 implies that  

limsup#o(T-1CAT~IC) ~ ~l, 
n--Y ~ 

and the asserted convergence follows as l was arbitrary. 

Now let C be any element of B. Fix e > 0 and select 6 > 0 such that  #(B)  < 

implies #0(B) < c. As ~ is equivalent mod zero to a semi-ring of sets U k = 0  7/'k 

generating B, there exists s > 1 and sets {As} C_ % for which E = CA([.J As) 

satisfies #(E)  < 6. The value of #o(T-1CA:F,~IC) is at most 

/to(T-1E) 1 ([.J &))  

A s / t ( T - 1 E )  = / t ( E )  < 5 the first term above is less than ~. For each l > s the 

second term is at most 

#o(T-1AATj 1A) <_ ~ #o(T-1AATt.~A) + ~ #o(TI.1AAT~.~I, nA), 
AETrl AE~rl AE~I  
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which tends to zero by arguments give in the special case C C 7rs treated above. 

Condition (a) in the definition of k~ implies that 

[ d(po o TZ 1) 
#0(T~-IE) d#o d#o 

s(k,~) 
=Z 

j = l  

s( k,d 

:F. 
j = l  

s(kn) 
<-E 

j = l  

d ( ~  0 o T ~ - I ) .  

NA(j,k~ ) d#o apo 

fEnA(j k,.) "0(B~(j, kn)) 

2M 2" #o(E A A(j,  kn) ) 

= 2Me#0(E) _< 2M2e. 

As e > 0 was arbitrary, the proof of the claim is complete. The assertion of 

Theorem 1 follows as #0 "~ P- | 

5. S t r o n g  t o p o l o g y  

The strong topology on the space of measurable transformations of [0, 1) is the 

topology induced by the metric 

d(S, T) = )~{x : Sx  # Tx} ,  

where A denotes Lebesgue measure on [0, 1). In contrast with Theorem 1 above, it 

is shown in Theorem 3 that it is not possible to estimate every Lebesgue measure 

preserving transformation of [0, 1) in the strong topology from finite segments of 

its orbit. To do this, a measure v is placed on a family S of e.m.p.t.'s derived from 

the yon Neumann-Kakutani adding machine. The richness of S under u is then 

used to show that there is no consistent procedure for estimating transformations 

in $ in the strong topology. 

On the other hand, it is possible to obtain strongly consistent estimates for 

restricted families of transformations. To illustrate this, the next section exhibits 

a consistent scheme for estimating any infinite interval exchange transformation 

of [0, 1) in the strong topology. 

5.1 INFINITE INTERVAL EXCHANGES. Many examples of ergodic Lebesgue mea- 

sure preserving transformations appearing in the literature are defined on the 

unit interval as infinite interval exchange transformations. In particular, every 
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measure  preserving t rans format ion  defined on a non-atomic,  separable  proba-  

bility space is measure  theoret ical ly isomorphic to an infinite interval exchange 

t rans format ion  defined on [0, 1) with Lebesgue measure  (Arnoux,  Ornstein and 

Weiss [1]). There  is a simple procedure  tha t  provides consistent f initary esti- 

mates  of every interval exchange m a p  in the s t rong topology. The  procedure  is 

linear interpolat ion,  accomplished by connecting adjacent  points on the graph  

with s t raight  line segments.  This  procedure  will work for a wider class of maps  

defined on [0, 1). Let I j ,  j > 1, be disjoint subintervals of [0, 1), and let a j  be 

real constants.  A map  f is an E { I j , a j } - m a p  if (Uj=I  I j)  = 1 and f ' ( x )  = aj  

for x c I j .  Given n sample  pairs (x i ,y i )  = ( x i , f ( x i ) )  of such a map,  order the 

xi so tha t  x~ < x2 < - ' -  < x,,, and let xo = O, x,,+~ = 1, Yo = Y~ and Yn+~ = Y,~. 

For 1 < i < n + 1, define 

d n , i  - -  Y i  - -  Y i - i  

x i  - -  X i -  1 

and let 

]~(x)  = y~ + ~ n # ( x  - ~ )  

for X i _  1 ~_ X < X i .  

CX) PROPOSITION 3: I f f  is an E { I j , a i } - m a  p and { x i :  i = 1 , 2 , . . . }  C U j = i l j  is 

dense in [0, 1), then for almost every x C [0, 1), in ( t )  = f ( x )  for all but  a finite 

number  of  n. 

Proof: Suppose tha t  x is contained in Ia for some k. Since the sequence xi is 

dense, there  exist posit ive integers n and i <_ n such tha t  aa < xi-1 <_ x < xi < 

bk. Since f is linear on (ak, ha), &,~,i = at:. Therefore,  

fn (x )  = Yi + &,~,i(x - xi)  = f ( x i )  + ak(X -- Xi) = f ( x )  

and ] . , ( x )  = f ( x )  for all m > n. | 

COROLLARY 1: I f  T is an infinite interval exchange transformation, then for 

ahnost every x C [0, 1) the estimates T,~ formed as above from pairs (xi, Yi) = 

(T~- lx ,  T ix )  will converge to T pointwise and in the strong topolog3: 

5.2 A COUNTEREXAMPLE. 

TItEOREIvl 3: Let  T be the family of  Lebesgue measure preserving trans- 

formations of  [0, 1). No reconstruction scheme {Tn} has the property  that 
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A{u : Tn(u : x , . . . , T n - l x )  # T ( u ) }  ~ 0 for every T • T and every x • [0, 1] 

such that  x, Tx ,  . . . is a reconstruction sequence for T. 

Proof: Given a stack C = {I1 , . . . ,  I2m} of intervals Ii = [ai, bi) C_ [0, 1), define 
2m 

the switching map/~c on [.Ji=m+l Ii by 

J ' x + ( ~ )  i f x • [ a i , ~ 2  J  c(x) I x - (  2 ) i f x •  

for m + 1 < i <: 2m. Let T be the von Neumann-Kakutani adding machine and 

let Cn = { / i , . . . ,  Ira. }, n _> 1, be the columns formed in the construction of T 

where mn = 2 '~-1. Let /3i = /361+2 for positive integers i. Define the set S of 

switching sequences 

S = { ( ¢ i ) i ~ 1  : ¢ i  • {/~i,identity}}. 

For each ¢ = (¢i) • $, the map 

T¢ = lim (¢,~ o ¢~-1 o . . .  o ¢1 o T) 
n---+ (~) 

is an invertible, ergodic, Lebesgue measure preserving transformation of [0, 1). 

Note the distance between any two distinct elements ¢ and ¢ in S: 

1 
A{x: TCZ = T~x}  >_ -~. 

Let v be Bernoulli(½, ½) measure on S. For each positive integer q, let 

Sq = {¢ = (¢1, ¢2, . . . )  :¢q is the identity}. 

Define the map ~q: S ~ S by 

~ q ( ~ l , ' ' ' , ~ q - - l , ( ~ q , ( ~ q + l , ' ' ' )  ---- ( ( ~ l , ' ' ' , ~ q - - l , ( ~ q , ~ ) q + l , ' ' ' )  

where Cq ~ Cq. Thus the restriction of ~q is a measure preserving bijection from 

Sq to S~. Consider the space [0, 1) x S with probability measure A x v. Extend 

~q to [0, 1) x S by defining ~q(X,¢) = (X,~q(¢)). 

Suppose there exists a consistent procedure for estimating each transformation 

T¢ in the strong topology. For each ¢ • S,  positive integer n and A almost 

every x • [0, 1), let Tv[x,n] be the estimate of T¢ produced from the sequence 

{x, T c x , . . .  ,T~-I}.  Define the set 

a n  = (x ,¢ ) :  a{y :   Ax, nI(y) = T y} > . 



Vol. 126, 2001 FINITARY RECONSTRUCTION 325 

Since the procedure is assumed to be consistent, lim,~_+~ A x g(Gu) = 1. Choose 

N such that  
15 

A x v(Gg)  > 1--6" 

Let q be such that  2 q-1 > N,  and let B denote the union of the bo t tom 2 q-1 

levels of Cq+2. Then A(B) = 1 X, and hence 

1 1 
A x , (GN M (B x Sq)) > A(S) , ($q)  16 - 16 

Also, 
1 

(A x v)(GN M (B × 3~)) > 1-6" 

Since the map ~a is measure preserving, 

× .( q(oN n (B × Sq)) n ON n (B × > O. 

Therefore there exist x C B and ¢ E Sq such that  both (x, ¢) C GN and 

(x,~q(¢)) E GN. But this contradicts the consistency of the procedure since 
T ~ x  ~ i T~q(¢)xfori=O, 1 , . . . , N - l ,  butd(T¢,T~q(¢))>_l/2, t 

Remark: As shown by one of the referees, one may establish a similar counter- 

example based on a family T of transformations of the set • = [1] x [2] x [3] x - . . ,  

where [n] = {1, 2 , . . . , n } .  The family T contains all infinite products of cyclic 

permutat ions of the coordinates of g/. 
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